BAI TAP ANH X4

Cau l:Choanhxa f:R - R, f(x) = x> + 3x — 4va A = {0; —6}. Xac dinh f(4) va f~1(A4).
A~ , X+1 ., .. _1
Cau 2: Choanh xa f: R\{1} = R, f(x)= 1 Xac dinh £71((0; 2)).
X_

Cau 3: Choanhxa f:R - R, f(x) = 3x3 + 3. Tim £([0,2]) va f~1([0,2]).

Cau 4: Choénh xa f:R - R, f(x) = x® — x. Xac dinh a, b biét f~*({a}) = {0; —1; b}.
Cau5: Choénhxa f:C = C, f(z) = z° — i/3. Tim f~1({1}).

Cau6: Choanhxa f:C - C, f(z) = iz? + (2 —5i)z — 3. Tim f~1({-9i})
Cau7:Choanhxa f:R —» R, f(x) = x> + 2x + 6. Tim f(R)

Cau8:Choanhxa f:R - R?f(x) = (x + 4;x —2) vaA = {(x,y) € R?|x? + y? < 26}.
Tim f~1(4), f(R)

Cau 9: Choénh xa f:R —» R, f(x) = x3 — 3x. Tim f(A) va f~1(4) biét A = (—2;2].

Cau 10: Cho anh xa f: R = R xac dinh b&i f(x) = 5x3 + 1. Xét xem f 1a don 4anh, toan 4nh
khong?

Cau 11: Choanh xa f: R - R?, f(x) = (x? — 4;x3 + 1). Hoi f ¢6 1a don 4nh khong?
Cau 12: Choanh xa f: R = R?,f(x) = (2x + 1; x — 3). Hoi f c0 la toan anh khong?

X+ 2

Céu 13: Choanh xa f: R\{1} = R, f(x) = ¢ la don anh khong? Co 1a toan anh khdng?

x-1
Cho A = [2; 5] xac dinh f(4) va f~1(4)

Cau 14: Choanh xa f: € — C, f(z) = 2z% — 1. Anh xa f c6 1a don anh hay khong? Xéc dinh
tich cac mo dun cta cac phan tir trong tap £ =1 ({5 + 2i})

Cau 15: Cho anh xa f: R? - R?, f(x,y) = (3x + 4y, y3). Hoi f c6 la song anh khdng?
Cau 16: Choanh xa f:R = R, f(x) = 3x% — x — 2. Héi f ¢6 la song anh khong? Tim £([0; 3])
Cau 17:Choanhxa f: N = N, f(x) = 2x + 1. Hoi f ¢6 1a don anh, toan anh khong?

Céu 18: Cho anh xa f: Z\{—1} - Z\{0}, f(x) = il Hoi f c6 1a don anh, toan anh khong?
X+

Cau 19: Choanh xa f: C - R, f(x) = x% 4+ 2. Hoi f c6 la don 4nh, toan anh khong?
Cau 20: Cho anh xa: f: R? - C, f(x,y) = (x + 2y) + (v — 2x)i. Héi f c6 la song anh khong?
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Cau 21: Cho A = {(x,y) € R?|y = 0}vaanh xa f: R? > A xac dinh boi f(x,y) = (x + y,y?).
Anh xa f c0 phai la toan anh khong? Vi sao?

Cau 22: Cho anh xa f: R? - R?, f(x,x,) = (4x4,5x,). Ching minh f la mot song anh. Xac
dinh £(A) v6i A = {(x1;%,) € R?|x,2 + x,2 = 9}

Cau23: Choanhxa f:R?> > R%, f(x,y) = (x + y,x —y)vad = {(x,y) € R?|x* + y? = 1}.
Tim a biét f~1(4) = {(x,y) € R?|x? + y? = a}

Cau24: Choanhxa f:R?> > R%, f(x,y) = 2x — 1L, x + y) vaA = {(x,y) € R?|x?* + y? = 1}.
Phan tir (1,0) c6 thudc f(A) khdng? Vi sao?

Cau 25: Choanh xa f:R> » R%, f(x,y) = (x + y,x —y) vaA = {(x,y) € R?|x* + y? = 9}.
Tim f~1(4), f(A).

Cau 26: Choanh xa f:R? - R?, f(x,y) = (2x,3y) vaA = {(x,y) € R?|x? + y2 < 1}. Tim
f7HA), f(A).

Cau 27: Cho anh xa f: R? - R?; f(x,y) = (x3 + 2y;3x3 + 7y)

a) CMR: f la song anh
b) ChoA ={(x,y)|0<x<1;0<y<2}.Tim f(A4).

Cau 28: Cho anh xa f: R? > R?, f(x,y) = (x3,x2 + y) c6 la mot song anh hay khong?

Cau 29: Xét sy don anh, toan anh, song anh cua anh xa

f:[o; g] x [o;%] - [0;2] X [VZ; 2] véi f(x,y) = (2sinx; 2 cos y)
Cau 30: Choanh xa f: R? - R?, f(x,y) = (x — 2y; 2x + y); A = {(x,y) € R?|x? + y? = 45}
Chung minh rang f 1a song anh. Tim £(4), f~*(4)

Cau 31: Cho anh xa f: R? - R?, f(x,y) = (x + ay,x — y). Xac dinh tit ca gia tri cha a dé f la
mot song anh.

Cau 32: Cho anh xa f:[—1;5] — [3; 6] xé4c dinh bai f(x) = ax + b. Tim a, b & f la song anh.

Cau 33: Xac dinh tap A € R d¢ anh xa f: A — [—1; 1] x (0; +0), f(x,y) = (cosx,e¥) la
song anh.

Cau 34: Xac dinh tap A c R? dé &nh xa
—TT T T
f: [T’E] X [O;Z] — A; f(x,y) = (2sinx,siny + cosy)
la mét song anh.

Cau 35: Cho anh xa f:[a; b] = [—2;4], f(x) = —3x + 1. Tim a, b dé f 1a song anh.
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Cau 36: Choanhxa f:R® = R, f(x,y,2) = 2x —y + z,x — z,x + my). Tim m dé f 13 toan
anh.

Cau 37: Cho anh xa f:[m; 2] = R; f(x) = x® — 3x? — 9x + 1. Tim m & f 1a don anh.

Cau 38: (D¢ giira ky 20201) Cho anh xa f: R? - R?,f(x,y) = (x3,x? + y). Chitng minh f la
mot song &nh va tim &nh xa nguoc cua f.

Cau 39: (Pé giira ky 20191) Ky hiéu M, 1a tap hop cac ma tran c6 kich thuéc 1 x 2. Tim m
ddanhxa f: My, — My, V6i F(X) = X [i :nl] 1a don anh.

Céu 40: (Pé giira ky 20191) Tim s nguyén m 16n nhét sao cho anh xa f: [m, 2] — [0,4],
f(x) = x? 1a mot toan anh nhung khong phai don 4nh.

Cau 41: (P& giira ky 20193) Cho anh xa f: R? - R?,f(x,y) = (x + y® —x + ¥*). Anh xa trén
c6 phai don anh, toan anh khéng? Vi sao?

Céu 42: (P& cudi ky 20191) Cho anh xa f: R? - C, f(x,y) = (x3 + 2y?) + (3x3 + 7y)i ¢6
toan anh khéng? Vi sao?

Cau 43: (Dé cudi ky 20191) Véi a > 0, ky hiu C_qq) = {f(x)| £ (x) lién tuc trén [—a, a]}

a
Anh xa ®: Cj_gq] = R, ®(f) = j f (X)dX co 1a don 4nh khong? Vi sao?

—-a
Cau 44: (Dé cudi ky 20191-CTTT) Cho f(x) = x? + x + 1. Tima sao cho f: R — [a; +) la
toan anh.

Ciu 45: (Pé giira ky 20201 — Viét Nhat) Choanh xa f: R - R, f(x,y) = x> + y?> = 2x + 1
vaA =[—1,1] x [0,2]. Tim f(A)
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LO1 GlAl BAI TAP ANH X4

Caul:Choanhxa f:R - R, f(x) = x? + 3x — 4va A = {0; —6} Xac dinh céc tap hop f(4)
va f1(A).

Giai:

Tapanh f(A) ={y =f(x) ER|x €A} & f(A)={y=x"+3x—4|x € {0;-6}}
Véix=0=y=f(0)= —4€R

Véix=—6=y=f(—6) =14 €R

Vay f(A) = {—4;14}.

Tap nghich anh f~*(A) = {x € R|f(x) € A} & f~'(A) = {x € R|(x* + 3x — 4) € {0; —6}}
fX) =0 x*+3x—4=0x=1hoicx = —4

fx) =—6 ©x*+3x—4=—-6 ©x=—-1hoicx = -2

Vay f7H(A) = {—4;-2; +1}.

Cau 2: Choanhxa f:R\{1} = R, f(X) = x_+i Xac dinh £71((0; 2]).
X_

Giai:

FH(:2) = {x e A\B|f () = 2E 1 e (021}

>0
1~ x+1 [x23 x < —1
1_2<O x<1

—
Vay f7((0;2]) = (=00, —1) U [3; +00)

Cau3:Choanhxa f:R - R, f(x) = 3x3 + 3. Tim £([0,2]) va f~*([0,2])

Giai:
Tap anh f([0;2]) = {f(x) € RIx € [0; 2]} = {f(x) = 3x> + 3|0 < x < 2}
Khao sat ham s6 f(x) = 3x3 +3Vv6i 0 < x < 2
BBT:
X —o0 0 2 +o
f'(x) +
f(x)
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Vay £([0,2]) = [3:27]
Tap nghich anh £~1([0; 2]) = {x € RIf (x) € [0; 2]}

5 x=-1
i +32°=>{x<—_1:f-1<[o;21>=[—1

-1
3x°+3<2 73 V3

Cau 4: Choénh xa f:R - R, f(x) = x> — x. Xac dinh a, b biét f~1({a}) = {0; —1; b}

Giai:
Tap nghich anh f71({a}) = {x € R| f(x) =x3>—x =a} ={-1;0; b}
= Phuong trinh x3 — x = a ¢d tap nghiém la {—1; 0; b}.

x=0
Thay [x=—1
Véia =0=x3—x = 0cotap nghiém la {—1;0; 1}.
Vaya=0b =1,

vao x3 —x =atathudugca =0

Cau 5: Choanhxa f:C = C, f(z) = z6 — iv/3. Tim f~1({1}).

Giai:
Tap nghich anh f~1({1}) = {z € C| f(2) = z® — i3 = 1}
Taco: z6—iV3=1oz=1Y1+iV3

T T
1+i\/§=2(cos§+isin—):> /1+i\/§=6\3/§ cos3 c +isin3 (k=0,5)

3 6
k= 0,5}

T T
5+ k2m 5+ k2m
:f‘l({l})={W<cong+isin3 Z )

Cau6: Choanhxa f:C - C,f(z) = iz?> + (2 —5i)z— 3. Tim f~1({-9i})

Giai:

Tap nghich anh f1({-9i}) = {z € C|f(z) = —9i} = {z € C|iz? + (2 — 5i)z — 3 = —9i}
Xétiz? +(2—-5i)z—3+9  =0cOA=15—-8i = (4 —i)?

—2+5i+4—i ) —2+5i—4+i .
=2z, = > =2—1i; 2z, = T =3+3i

Vay f1({-9i) = {2 - ;3 + 3i}.
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Cau7:Choanhxa f:R - R, f(x) = x2 + 2x + 6. Tim f(R)

Giai:
Tapanh f(R) ={f(x) ER|x € R}

Khao sat ham f(x) = x? + 2x + 6 voix ER

BBT:
X —oo -1 400
f'x) - 0 +

e " \ B
5 /

Vay f(R) = [5; +)

Cau8:Choanhxa f:R - R? f(x) = (x + 4;x — 2).Giast A = {(x,y) € R?|x? + y? < 26}.
Tim f~1(4), f(R)

Giai:

Tap nghich anh f71(4) = {x e R|f(x) € A} = {x ER|(x + 4)? + (x — 2)? < 26}
Taco: (x +4)%+ (x—2)2 <26 ©2x?+4x+20<26 & -3<x<1

Vay f71(4) = [-3; 1]

Tapanh f(R) = {f(x) = (x + 4;x — 2) € R?*| x € R}

a=x+4
b=x-2
Vay f(R) = {(a,b) € R*la — b = 6}

Dat{ >a—b=6V5ia€RDbER

Cau 9: Choénhxa f:R » R, f(x) = x® — 3x. Tim f(4) va f~1(4) biét A = (-2;2]

Giai:
Tap anh f(A4) = {f(x) = x3 — 3x|x € A}
Khao sat ham sb f(x) = x® —3x voi —2 <x < 2

f'(x) =3x%2-3
re=o0e*20
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BBT:

X —00 —2 -1 1 2 +0oo
f'&) + 0 — 0 n
f() o

Vay f(4) = [-2;2]
Tap nghichanh f~1 = {x e R|-2 <x3 —3x < 2}

o (x3 = -2 >-2;x#1 _
xet{* T T (P2 EEE LS ) = 221\

Cau 10: Cho anh xa f: R = R xac dinh b&i f(x) = 5x3 + 1. Xét xem fc6 1a don &nh, toan
anh hay khong?

Giai:

. , m-1
GiastVmeR , xétf(x) =mes5x3+1l=mox= ‘3/ : eR

= f(x) = m c6 duy nhat mét nghiém x € R véi Vm € R.
= f lasong anh & f vura la don &nh vura la toan anh.

Cau 1l1: Choanhxa f: R » R?, f(x) = (x* — 4;x3 + 1). Hoi f c6 1a don 4nh khong?

Giai:

Giasu: f(xq) = f(xy) (%) Véi x4, x, €R.

(*)@ X12_4=x22_4'@ x12 :xZZ AN [xx1—=_x; & x = x
x13+1:x23+1 x13:x23 x11=x22 1 2

Vay f(x,) = f(x;) © x; = x, = f ladon anh.

Cau 12: Choanh xa f: R = R?, f(x) = (2x + 1; x — 3). Hoi f ¢0 la toan anh khong?

Giai:

Giast V(a,b) € R%, xét f(x) = (2x+ 1;x —3) = (a,b)@{zx-l_l =a @{x= (a—1)/2

x—3=b x=b+3
Héconghiem e (a—1)/2=b+3 <= a=2b+7
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Véia =2b+ 7 (a,b € R) thi hé (x) c6 nghiém.
Véia # 2b + 7 (a, b € R) thi hé (%) vb nghiém.
Vay f khong phai toan anh.

X+2

Cau 13: Choanh xa f: R\{1} = R, f(x) = c0 1a don anh khong? C¢ 1a toan anh khong?

Cho A = [2; 5] x4c dinh f(A) va f~1(4)

Giai:

. , X+2
Giasu Vm € R, xet f(x):—lzm (x#1)

f(x)ziizm xxl)emx-1)=x+2ex(m-1)=2+m (1)
X_
TH1: m = 1thi (1) trothanh 0 = 2 = (1) vd nghiém.

: 2
TH2: m # 1 thi (1) c6 nghiém x = m_+1 € R\{1}

. . X+2 e .
Vay véi Ym € R thi f(x) = —1 =m c0 toi da mot nghiém x € R\{1} = f la don anh.

Véim = 1 thi f(x) =XL1 =m v0 nghiém = f khong la toan anh.
X_

X+ 2
x-1

Tap nghich anh f=([2;5]) = {x e R\{1}, f (x)= € [2;5]}

2
X+ 23>0 1<x<4
X+ 2 x—1 7 7
<S5 = xr>— ©-<x<4
x—1 x+ 2 <0 =4 4
Y= x <1

2 <

Vay £-1([2;5]) =B;4}

X+ 2
x-1

Tap anh f(A) ={ f(x)= eR,xe [2;5]}

2
Khao sat ham £ (x) = f(x)=x—+1 Véiz<x<5
X_
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BBT:

f'e) - -

fx) | 1 oo ___|
—o 1,75\, 1

Vay f(4) = EM}

Cau 14: Choanh xa f: € - C, f(2) = 2z%3 — 1. Anh xa f c6 1a don 4nh hay khong? Xac dinh
tich cdc md dun cua cac phan tir trong tap £~1({5 + 2i})

Giai:
VoileC xétf(z)=1e2z3-1=1

3 o k2r  k2m
Sz =1=cosO+lsm0<=z=cosT+smT

Voik =0,2= f(z) =1c63nghimz € C

Vay f khong la don anh.

Tap f~1({5+ 2i}) = {z € C|f(2) =5+ 2i}

Xét2z3—1=5+2i2z3=3+i(x)

Goi zy,z,, z3 la 3 nghiém cua (*) = f~1({5 + 2i}) = {z,, 25, 23}
|z, 1® = |z,®| = 13 +i| = V10

Taco{|z,1? = 12,3 = 13 + i| = V10 = (Iz1l12311231)° = |212,23° = 1010
|z31% = 1233 = 13+ i| = V10

= |zy2,25| = V10

Cau 15: Cho anh xa f: R? - R?, f(x,y) = (3x + 4y, y3). Héi f c6 la song anh khong?

Giai:

a3
3x+4y:a® x:(a 4\/6;3/6]

Giasir V(a,b) € R xét f(3) = (@b) & {7 ) 2
y=1b

L. 2 .  n J4 a_4%.3 2
V6iV(a,b) € R%, f(x,y) = (a,b) c6 nghiém duy nhat (x,y) = 5 \/B ER
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= f lasong anh

Cau 16: Choanh xa f: R = R, f(x) = 3x? — x — 2. Héi f c6 la song anh khong?
Tim f([0;3])

Giai:
GiastVmER, xét f(x) =m & 3x%2 —x — 2 =m (x)
Khao sat ham sb f(x) = 3x2 —x — 2 trén R

BBT:
X —0 1/6 +00
f') - +
f e \ -
_25/12 /

. =25 " . N R .
Tu BBT tacéd: voim < Y thi () v nghiém = f khong la song anh

Cau 17: Choanhxa f: N = N, f(x) = 2x + 1. Hoi f ¢6 la don anh, toan anh khong?

Giai:
Giasu Vxy,x, EN, Xt f(x1) = f(x) @ 2x; +1=2x,+1 & x; = xy
V6i Vg, x, € N thi f(xy) = f(xy) © x1 = Xy

Vay f 1a don anh

GiastVm € N, xét f(x) =m<:>2x+1=m<:)x=mT_
TH1:m =2k +1(k € N) (mlasé l¢)

m-1_ 2k+1-1

> X = 5 > =k€EeN

TH2: m = 2k (k € N) (m la s6 chin)
m—1 2k-1 1

= x = 5 = > =k—§$N

Vay f khong la toan anh (Do véi m = 2k (k € N) thi f(x) = m khéng c6 nghiém x € N)

% Meo: Néu nhan ra c6 mot trudng hop ciia m 1a phuong trinh f(x) = m v6 nghiém hoic c6
nghiém khong thudc tap ngudn — cd thé néu ra ngay truong hop do ra = khong la toan anh,
khong la song anh.
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Céch 2:
Véim=2€eNtact: f(x) =2 2x+1=2x=1/2¢N
= f khéng la toan anh

2 .
Cau 18: Cho anh xa f: Z\{—1} - Z\{0}, f(x) = 1 Hoi f ¢o6 la don anh, toan 4nh khong?

X+
Giai:
. , 2
Gia st Vxl,xz € Z\{_l}, Xetf(xl) = f(xZ) (=4 = (=14 X1 = Xy
+1 X +1
V6i Vi, x, € Z\{—1} thi f(x;) = f(x3) © x1 = x3
Vay f 1a don anh

Giastvm € Z\{0} ,xét f(x) =m & il:m@ X:E—l (voi x € Z\{—1})
X+ m

TH1: m € U(2) = {+1;+2}
2
>x=——-1€2Z\{-1}
m
TH2: m € Z\{+1; +2}
2
>x=——1¢2Z\{-1}
m
Vay f khong la toan anh (do véi m € Z\{£1; 2} thi f(x) = m khdng c6 nghiém x € Z\{—1})

Cau 19: Choanhxa f: C - R, f(x) = x% + 2. Hoi f c6 1a don 4nh, toan anh khong?

Giai:
. , 2 2 xl :xz
GiasuVxy,x, EC, Xt f(x)) = f(xy) ©x1°+2=x"4+2 & [x1 = _x,
: . X1 =X
Vi Vg, x, € N th £(x) = f(x,) © [x11= _;2
Vay f khong la don anh.
VoiVmEeER Xt f(x) =moe x?+2=mo x2=m-—2()
TH1. m > 2
(+) ¢6 2 nghigm [ X =Vm —2 € ¢
x=—Vm-—2€C
TH2: m =2
(¥x)conghiemx =0€ C
TH3: m < 2
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x=v2-m.i €C
x=—2-mi€cC
Vi Vm € R, f(x) = m ludng c6 nghiém x € C

Vay f la toan anh.

() & x2 = (2 — m)i2 (i 1a don vi 40) & [

Cau 20: Cho anh xa: f: R? -» C, f(x,y) = (x + 2y) + (y — 2x)i. Héi f cb la song anh

khong?
Giai:
GiastV(a+bi) € C. Xét f(x,y) = (x+2y) + (—2x+y)i=a+ bi
a—2b
x+2y=a 5y =2a+b =773
< —2x+y=b@ x+2y=a@ 2a+b
y=
5

a—-2b 2a+b
5 5

= f(x,y) = a + bi ludn c6 nghiém duy nhat (x,y) = ( je R? = f lasong anh.

Céu21:Cho A ={(x,y) € R?|y = 0} vaanh xa f: R? - A xac dinh boi
f(x,y) = (x + y,v?). Anh xa f c6 phai la toan anh khong? Vi sao?

Giai:
) i x+y=a
Gia sir v(a,b)EA(a,beR,bZO),xetf(x,y)z(a,b)@(]){ oo p 020
TH1: b >0
x=a—\/3
(1)@{x+y:a=>{x=a_y=> y="b
y*=bh y=+Vb {x=a+\/5
y=—Vb
y) =(a—Vb;Vb :
Hécénghiéml(xy) (@ = Vb;Vb) € R2Vv6ib >0
(x,y)z(a+\/3;—\/3)

R X =a

TH2: b = 0 thi (1) @{yz 0

Hé c6 nghiém (x,y) = (a,0) E R>Vv6ib =0

Vay véi V(a, b) € A thi f(x,vy) = (a, b) ludn c6 nghiém (x,y) € R?

= f latoan anh.
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Cau 22: Cho anh xa f: R? - R?, f(x1,x,) = (4x4,5x,). Ching minh f la mot song anh. Xac
dinh f(A) v6i A = {(x1; x,) € R?|x;2 + x,2 = 9}

Giai:
f(A) = {f(xl, xz) = (4‘x1, 5x2) (S R2|(x1,x2) (S A} == {(4x1, 5x2) (S R2|x12 + x22 = 9}
. (a=4x, X, =a/4
2 2

5 a b
Max;2+x,2=9 = —+—=9& 25a% + 16b% = 3600
16 25

Vay f(4) = {(a, b) € R?|25a? + 16b? = 3600}

Cau23:Choanhxa f:R?> - R%, f(x,y) = (x +y,x —y)vad = {(x,y) € R?|x* + y? = 1}.
Tim a biét f~2(4) = {(x,y) € R?*|x* + y* = a}

Giai:
Tap nghich anh f~1(4) = {(x,y) € R®|f (x,y) € A} = {(x,y) € R*|(x + y)* + (x = »)* =1}

@f*m>=kmweRqﬂ+yz:%:m:%

Cau 24: Cho anh xa f: R? - Rz,f(gc,y) =QR2x—-1,x+y)va
A = {(x,y) € R?|x? + y? = 1}. Phan ttr (1,0) ¢ thudc f(4) khdng? Vi sao?

Giai:
Tap anh f(A) = {f(x,y) = 2x — L;x +y) € R?*|(x,y) € 4}
u+1
- T
Dﬁt{”__zx+ 1
v=xTy u+l 2v—-u-1
y: VvV — =
2 2
1V (2v-u-1Y
Max2+y2:1:>(u+ j +( v-u j =1
2 2
_ 2 u+ 1) 2v—u—12_
= f) ={wn er?|(B5) + () =1

Xét (1,0) ta co (121) +(2'0_21_1) =2=(1,0) € f(4)
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Cau 25: Choanhxa f:R? > R%, f(x,y) = (x + y,x —y) vaA = {(x,y) € R?|x? + y? = 9}.
Tim f~1(4), f(4).

Giai:
Tapanh f(A) = {f(x,y) = (x + y,x —y) € R?|x* + y? = 9}
U+Vv
_ X = Y
o (sTE
=Xx=Y _u-v
Y 2

2

2
Méx2+y2=9:<%> +<u_;v> =9 u?+v*=18

= f(4) = {(w,v) € R*|u* + v* = 18}
Tap nghich anh f=1(4) = {(x,y) € R?|f(x,y) € A}

Xét(x+y)2+(x—y)2:9(:>x2+y2:%
-1 2|2 ,_ 9
= f(4) ={(x,y) ER*|x*+y :E

Cau 26: Choanh xa f: R? - R?, f(x,y) = (2x,3y) vaA = {(x,y) € R?|x? + y? < 1}. Tim
1A, f(A).

Tapanh f(4) = {f(x,y) = (2x,3y)[x* + y* < 1}

2 2
.Méx2+y2S1=>(%) +G) <1

BRHEY
2 3
Tap nghich anh f~1(4) = {(x,y) € R*|f (x,y) € A}

Xét (2x)2+ (By)’ <1 4x2+9y2 <1
= f1(4) = {(x,y) € R?|4x? + 9y? < 1}

X =
bat

{u=2x®
v =3y
y=

wli< NS

= f(4) = {(u, v) € R?
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Cau 27: Choanh xa f:R? - R?; f(x,y) = (x3 + 2y;3x3 + 7y)
c) CMR: f lasong anh
d) ChoAd={(xy)I0<x<1,0<y<2}.Timf(4)

Giai:

x}+2y=a(1)
3x3+ 7y =b (2)
L4y (2) —3(1) taduocy = b — 3a = x = V3a — 2b.

x = 3/3a—2b
y=b-—3a

Vay véi ¥(a, b) € R%, f(x,y) = (a,b) c6 nghiém duy nhét (x,y) = (Y3a — 2b; b — 3a) € R?
= f la song anh.

Tap anh: f(A) = {(x3+2y;3x3+7y) ER?|[0<x <1,0<y <2}

Xéta =x3+2yvéididukien 4:0<x<1,0<y <2

Gia st V(a, b) € R?, xét f(x,y) = (a,b) {

Hé c6 nghiém duy nhat {

maxa = max(x3) + max(2y) =13+22=5
A (029 ( ) A ( y)

. — . 3 . — 3 —
mina —n(lg)n(x )+ I?A)n(Zy) =0°+20=0

Xéth = 3x% + 7y vididukien 4:0<x <1,0<y <2

=

max b = max(3x3) + max(7y) = 17
A (029 ( ) A ( y)

inb =min(3x3) + min(7y) =0
TP T+ rgp(y)

=

Viay f(A) ={(a,b) ER?|0 <a <5 0<b <17},

Cau 28: Cho anh xa f: R? - R?, f(x,y) = (x3,x% + y) c06 la mot song anh hay khong?

Giai:
Tuong tu cau 15, la song anh

Cau 29: Xét sy don anh, toan anh, song anh cta anh xa
T T
f: [O;E] X [O;Z] - [0;2] x [\/E; 2] voi f(x,y) = (2sinx; 2 cosy)

Giai:

O bai nay s& khao sat s6 nghiém cua tirng thanh phan 2 sin x va 2 cos x trong khoang tap ngudn
va tap dich ma dé bai da cho.

a=2sinx

Gia st V(a, b) € [0;2] x [V2; 2], xét f(x,¥) = (a,b) & {b — 2cosy

Xét 2sinx = a voi Va € [0; 2].
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Pit g(x) = 2 sinx. Khao sat ham g(x) trén mién [0;%}

Lap BBT:
x 0 /2
g' (%) + 0

g(x) S 2
0

Tu BBT = g(x) = a c6 mot nghiém duy nhit x € [O;%} Véi Va € [0; 2]

Xét 2 cosy = b v6i Vb € [vV2;2].
Pat h(y) = 2 cosy. Khao sét ham A(y) trén mién {o;ﬂ

Lap BBT:
y 0 /4
h'(y) —

h(y) 2
\ -

Tu BBT = g(y) = b c6 mot nghiém duy nhat y € [O;%} voi b € [V2; 2]

f(x,y) = (a,b) c6 nghiém duy nhat (x,y) € [0;%} X [o;ﬂ véi V(a, b) € [0;2] x [vV2;2]

Vay f la song anh.

Cau 30: Choanh xa f: R? > R?, f(x,y) = (x —2y;2x +y) va
A = {(x,y) € R?|x? + y? = 45} Chitng minh rang f la song anh. Tim f(4), f ~1(4)

Giai:
Tap anh f(A) = {f(x,y) = (x — 2y,2x + y) € R?|x? + y? = 45}
u-+2v
Dét{u_x 2y,
v=2x+Yy V—2u
Y= s
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2 2
2 -2
Max2+y2=45=>(u+5v) +<V5u> =45 & u? + v?% =225

= f(A) = {(u,v) € R?*|u® + v? = 225}

Tap nghich anh f~(4) = {(x,y) € R?|f (x,y) € A}
Xét (x —2y)2+ 2x+y)? =45 x2 +y? =

= f1(4) = {(x,y) € R*|x* + y* = 9}

Cau 31: Cho anh xa f: R? —» R?,f(x,y) = (x + ay,x — y). Xéc dinh tat ca gia tri cua a dé f
la mot song anh.

Giai:
Gia sir (u, v) € R?, dé f lamot song anh & f(x,y) = (u, v) ¢ nghiém duy nhit € R?
x+ay=u(1)
x—y=v(2)

Xeét f(x,y) = (u,v) © HE phuong trinh (I ){ (u,v €ER)

Lay (1) — (2) taduoc (a + 1)y = u — v (¥)
Véia=—-1=0y=u—v=(x)sEcovd sé nghiém néu u = v = Hé (I) c¢b vd sb nghiém
(%) s& v nghiém néu u # v = Hé (1) vd nghiém
= Loaia = —1.
a(u-v)
a+1l

: u-v
VéiaeER\{-1}2y=—>=>x=u—ay=U-—
a+l

= Vi a € R\{~1} thi h¢ (1) c6 nghiém duy nhét (x,y) = (u_ STt _V> “F
a+1 a+l

Vay f lasong anh khi a € R\{—1}

Cau 32: Choanh xa f:[—1;5] = [3; 6] x4c dinh boi f(x) = ax + b. Tim a, b dé f 1a 1 song
anh.

Giai:

Giai stm € [3; 6], dé f lasong 4nh & f(x) = m c6 nghiém duy nhit € [—1; 5]
Xétf(x)=m © ax+b=mvdix € [-1;5]

Ham s f(x) = ax + b 13 ham bac nhét nén chi c6 thé déng bién hoic nghich bién trén toan bo
tap R. Pé f 1a song anh thi f(x) = m phai c6 nghiém duy nhit x € [—1; 5] véi m € [3; 6]
Nhu vay bang bién thién caa f(x) = m s& c6 2 TH:

TH1: f(x) = ax = b d6ng bién voi x € [-1; 5]
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f'(x) +
f() 6

Do tinh chit ciia ham dong bién

1
{[rpf}g]f(x)—f(S)—r[g%ﬁm Satbh=6 a=5
[r_nll;rsl]f(x) f(-1) r[r31;16r]1m a+b=3 bzi
TH2: f(x) = ax + b nghich bién véi x € [—1; 5]
X -1 5
f'(x) -
3
Do tinh chét ciia ham nghich bién
-1
{[ryfgﬁf(x) = f(=1) —r[r31;ag]<m—6:> Sa+b=3 _ a=—
[r_r111;151]f(x) f(5) r[r31;161]1m 3 a+b=6 po 1

17 -111 N
Vay (a,b) = (EE) hoac (a, b) = (?E) thoéa mén yéu cau de bai

Cau 33: Xac dinhtap A € R? dé anh xa f: A » [—1; 1] x (0; +), f(x,y) = (cosx,e”) 1a
song anh.

Giai:
Giast (a,b) € [—1;1] x (0; +0)

Pé f lasong anh & f(x,y) = (a, b) c6 nghiém duy nhit (x,y) € A

) COSXx =a
Xét f(x,y) = (a,b) @{ ey =ph

Xétcosx = avéia € [—1;1],dat f(x) =cosx = f'(x) = —sinx.
Khao sat ham f (x) trong khoang [0; 27|
Lap BBT:
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) | 0 - 0 +
foo) | 1 1

Tu BBT = Véi a € [-1;1] thi f(x) = a c6 nghiém duy nhat x € [0; 7]
Xét e¥ = b Vvoi b € (0;4+). Pat g(y) = e¥ = g'(y) = e¥ > 0. Khao sat ham g(y)
BBT:

y —00 400
g') +
g) +o0
0+

Tu BBT = g(y) = b ¢6 nghiém duy nhat y € R véi b € (0; +o0)
Vay tapcantim1a A = [0,71] X R

CAau 34: Xc dinh tap A < R? dé anh xa f: [%,ﬂx[o,f} .y

f(x,y) = (2sinx,siny + cos y) la mét song anh.

Giai:
Giasir V(a,b) € A, dé f lasong anh

2sinx =a

e fly) =(ab) e {siny+ cosy =b

c6 nghiém duy nhét x € [%%} vay € [0%}

oo s . . -
Xét 2 sin x = a. Khao sat ham f(x) = 2sinx véi x € [7,5}

Lap BBT:
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f'(x) 0 + 0
f(x) 2

Tir BBT: V6i a € [—2; 2] thi £(x) = a c6 nghiém duy nhit x € [%ﬂ
Xeétsiny 4+ cosy = b.

Khao sat ham g(y) = siny + cosy = V2 sin <y + %) Véiy € ‘:0,%}

Lap BBT:
y 0 /4
9 + 0
g V2

1/

Tu BBT: V6i b = [1; V2] thi g(¥) = b c6 nghiém duy nhit y € {0,

NG

Vay tap can tim 13 4 = [-2;2] x [1;V2]

Cau 35: Cho anh xa f: [a; b] = [—2; 4], f(x) = —3x + 1. Tim a, b & f 14 song anh.

Giai:
Gia st Vm € [—2; 4]. Pé f lasong &nh & f(x) = m c6 duy nhat mot nghiém x € [a; b]
Khao sat ham f(x) = —3x + 1

BBT:
X -1 1
f(x) -
f(x) 4

Tu BBT ta c6: f(x) = m lubn c6 duy nhat mot nghiém x € [—1; 1] v6i m € [—2; 4]

Vay {ab=:‘11 thoa man yau ciu dé bai,
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Cau 36: Cho anh xa f:[m; 2] = R; f(x) = x3 — 3x? — 9x + 1. Tim m dé f 1a don anh.

Giai:
Gia sir: Va € R, dé f 1a don anh & f(x) = a ¢ tdi da mot nghiém x € [m; 2]
Khao sat ham f(x) = x3 —3x2 —9x + 1

Taco f'(x) =3x>—6x—-9 = f'(x) =0 & [xx:—_Bl

Lap BBT:
X -1 2 3
f'() + 0 - - 0
f(x) +0o0
6 \
-21
\
—-26
—00

Tu BBT, ta co:

Véim € [—1;2) = f(x) = a c6 mdt nghiém téi da mot nghiém x € [m, 2] khia € R
Véim < —1 = f(x) = a c6 tbi da hai nghiém x € [m, 2] khia € R

Vay -1<m<?2

Cau 37:Choanhxa f:R® - R3, f(x,y,2) = Qx —y+ z,x —z,x + my). Timm dé f la
toan anh

Giai:

2x—y+z=a
Giast V(a,b,c) € R3, xét f(x,v,z) = (a,b,c) & { x—z=b ()
xX+my=c
Pé f latoan anh & f(x,y,z) = (a, b, c) cd nghiém véi V(a, b, c) € R® & Hé (%) c6 nghiém

2x —y+z=a (1)
el z=x—b(2) .Thé(2)vio (1)t duqc{
x+my=c(3)

3x—y=a+b
xX+my=c
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(-1-3m)y=a+b—-3c
_at+b+y
3

{3x—y=a+b
xX+my=c x

-1
TH1: m = ? = (—1—-3m)y=a+ b —3ctréthanh 0y = a + b — 3¢ (*x*)

. . . . -1
Véia+ b —3c # 0= (xx)v0 nghiém = HE (x) vO nghiém = Loai m = ?

-1
TH2: m # —
3
( _a+b—30
a+b—3c =T T 3m
y=—"—"5 _
- —1—-3m Ny y=a+b 3c
_1 a+b—3c —-1—-3m
xX=3 a+b+—_1_3m) _a+b-3c
V=1 3m

= Heé () cé nghiém (x,y,z) € R3 véi V(a, b,c) € R3

_l ~ A A A N
Vay m # 3 thoéa mén yéu cau de bai.
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TAI LIEU THAM KHAO:

— Bai giang Pai s tuyén tinh thay Bui Xuan Diéu.

—  “Toén cao cap: Dai s6 tuyén tinh” - Téng Dinh Quy,Nguyén Canh Luong.

—  “Bai tap Toé&n cao cap” tap mot - GS.TS Nguyén Pinh Tri (Cha bién), PGS.TS Tran Viét
Diing, PGS.TS Nguyén Xuan Thao, PGS.TS Tran Xuan Hién.

—  “Toén cao cip” tp mot - GS.TS Nguyén Dinh Tri (Chu bién), PGS.TS Tran Viét Diing,
PGS.TS Nguyén Xuan Thao, PGS.TS Tran Xuan Hién.

— B0 dé thi mon Pai s6 tuyén tinh cac naim Truong PH Bach Khoa Ha Nai.

—  Dé cuong mén Dai b tuyén tinh Truong DH Bach Khoa Ha Noi.

Tai ligu dwoc bién sogn dwa trén kinh nghiém cd nhén, dix da rat cé ging nhwng chdc chan
vdn sé ton tai cac 16i sai tinh toan, 16i ddnh mdy, ...moei y kién gop y ban doc vui long ge#i qua
link fb “fb.com/tungg810” dé minh c6 thé kiém tra, hoan thign bg tai ligu. Xin chan thanh
Cam on!
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